We study the growth rate of harmonic functions in two aspects: gradient estimate and frequency. We obtain the sharp gradient estimate of positive harmonic function in geodesic ball of complete surface with non-negative curvature. On complete Riemannian manifolds with non-negative Ricci curvature and maximal volume growth, further assume the dimension of the manifold is not less than three, we prove that quantitative strong unique continuation yields the existence of non-constant polynomial growth harmonic functions. Also the uniform bound of frequency for linear growth harmonic functions on such manifolds is obtained, and this confirms a special case of Colding-Minicozzi's conjecture on frequency.
Introduction
This paper studies the harmonic function's growth rate on manifolds and its related application. Unless otherwise mentioned, all manifolds in this paper have non-negative Ricci curvature. By Yau's Liouville theorem, any positive harmonic functions on complete manifolds with non-negative Ricci curvature is constant Date: December 12, 2019. The author was partially supported by NSFC-11771230, Beijing Natural Science Foundation Z190003.
function. We firstly study the positive harmonic functions defined on a unit geodesic ball. Note if we do scaling on manifolds with non-negative Ricci curvature, the unit geodesic ball case can be extended to general geodesic ball case. We get the following results characterizing the 'largest' positive harmonic functions in the geodesic ball. Define H + as the set of positive harmonic functions u defined on B 1 (p) with u(p) = 1, where B 1 (p) ⊆ M n is the geodesic ball centered at p with radius = 1. Furthermore there exists x s ∈ ∂B 1 (p) (possibly not unique) such that u s (y) = P(x s , y) P(x s , p) .
Motivated by the gradient estimate of Cheng and Yau [CY75] , we study the largest growth rate of positive harmonic functions in a unit geodesic ball. So far we can only prove the sharp gradient estimate on surfaces.
Theorem 1.2. Assume u : B 1 (p) → R + is a harmonic function, where M 2 is a Riemannian manifold with Rc ≥ 0 and B 1 (p) ⊆ M 2 is a geodesic ball centered at p with radius = 1, then sup x∈B s (p) |∇u| u ≤ 1 1−s + 1 1+s for any s ∈ [0, 1).
The model of the above theorem is the sharp gradient estimate obtained on R n , which is exactly the gradient estimate of the corresponding Poisson kernel on the unit ball. The sharp gradient estimate we are looking for, is one step to reveal the largest growth rate of positive harmonic function on the geodesic balls of complete manifolds with Rc ≥ 0, which is motivated by the study of polynomial growth harmonic function's frequency. For higher dimensional manifolds (the dimension is greater than 2), this type sharp gradient estimate is unknown so far.
It is well known that on any complete noncompact manifold, there always exist nonconstant harmonic functions (see [GW75] ). The proof of such existence result is based on the classical unique continuation for harmonic functions. The frequency for harmonic function was firstly introduced by Almgren [Alm79] . Later Garofalo and Lin [GL86] used the bound on frequency to prove the unique continuation, which partly revealed the deep connection between the existence problem and the bound on frequency.
The polynomial growth harmonic functions are important harmonic functions. Yau [Yau87] conjectured: on a complete manifold with Rc ≥ 0, the space of harmonic functions with polynomial growth is finite dimensional. In 1997, this conjecture was completely proved by Colding and Minicozzi [CM97b] (also see [Li97] , [CM98a] , [CM98b] for further developments).
Sormani [Sor00] proved that the existence of any nonconstant harmonic functions with polynomial growth on linear volume growth manifolds with Rc ≥ 0 leads to the splitting of the manifolds. This can be used to construct the manifolds with Rc ≥ 0, which does not admit any nonconstant harmonic functions with polynomial growth.
For a complete Riemannian manifold M n with Rc ≥ 0, define V M = lim r→∞ Vol(B r (p)) ω n r n ; if V M > 0, we say that M n has maximal volume growth. Although Yau's conjecture was confirmed, we do not know whether there always exists a non-constant polynomial growth harmonic function on M n with maximal volume growth. In the rest of the introduction, we assume M n has maximal volume growth and n ≥ 3.
Colding and Minicozzi [CM97a] introduced a slightly different frequency function F u (r) for harmonic function u on M n , and obtained some local estimates of F u (r). Furthermore, they [CM97c] 
In this paper, we prove the following theorem revealing the relation between the existence of polynomial growth harmonic function and quantitative strong unique continuation conjecture.
Theorem 1.4. If the quantitative unique continuation holds on M n , then there exists a non-constant polynomial growth harmonic function.
And we also confirm part (a) of Conjecture 1.3 for linear growth harmonic function in the following theorem.
Theorem 1.5. If u is a linear growth harmonic function on M n , then sup
The organization of this paper is as the following. In part I, we study the harmonic functions defined in a geodesic ball with non-negative Ricci curvature. Especially, we give the sharp gradient estimate of positive harmonic functions, by detailed study of Poisson kernel in the geodesic ball.
In part II, we study the sufficient condition guaranteeing the existence of polynomial growth harmonic functions on the whole complete Riemannian manifold in section 4. Then we prove any linear growth harmonic functions has bounded frequency in section 5. The key of the proof is the asymptotic mean value equality proved by Li [Li86] , which provides us the uniform control of u near the infinity of the manifolds. Finally, we show the existence of non-constant polynomial growth harmonic functions on Perelman's example manifolds, which has maximal volume growth and non-unique tangent cones at infinity.
Part I. Positive harmonic functions in a geodesic ball
In this part, let G(x, y) be the positive Dirichlet Green's function of B 1 (p) and n x is the inward unit normal vector of ∂B 1 (p) at x. Then for n ≥ 2, we have
where P(x, y) is the Poisson kernel of B 1 (p).
Positive harmonic function and Poisson kernel
Let α = n(n − 2)ω n , where ω n is the volume of the unit ball B 1 (0) ⊆ R n . Proof: [of Theorem 1.1] From Cheng-Yau's gradient estimate, we know that Proof: For any ǫ > 0, let G ǫ (x, y) be the Dirichlet Green's function of B 1−ǫ (p), then for any y ∈ ∂B s , we have u(y)
Letting ǫ → 0 in the above, we have
The conclusion follows from the above. Now, we have the sharp gradient estimate on R n .
Corollary 2.2. On R n with n ≥ 2, assume u is a positive harmonic function on B 1 , then sup y∈B s |∇u| u (y) ≤ n−1 1−s + 1 1+s for any 0 ≤ s < 1. Furthermore, the equality holds if and only if u(y) = 1−|y| 2 nω n |x 0 −y| n for some x 0 ∈ ∂B 1 (0).
Proof:
Step (1). Recall we have the Poisson kernel P(x, y) of B 1 (0) has the following expression:
It is straightforward to get
We conclude sup x∈∂B 1 y∈Bs |∇ y P(x,y)| P(x,y) = n−1 1−s + 1 1+s by the fact that n−1 1−s + 1 1+s is increasing in s.
Combining the above with Lemma 2.1, the first conclusion follows.
Step (2). If the equality holds for some u, then we can assume that |∇ ln u(y 0 )| = n−1
for some x 0 ∈ ∂B 1 , then it is easy to see that ∇ y ln P(x 1 , y 0 ) < ∇ y ln P(x 0 , y 0 ) for any x 1 x 0 . Combining this inequality with (2.2), we get u ∂B 1 (y) = δ x 0 (y). From the Poisson formula, we have u(y) = P(x 0 , y).
Gradient estimate in geodesic balls
The following lemma is well-known. We include its proof here for completeness.
Lemma 3.1. Assume u : Ω → R + is a harmonic function, where Ω ⊂ M n with Rc ≥ 0, then for Q = |∇ ln u| 2 , we have
Proof: One can set v = ln u, Q = |∇v| 2 . Using the Bochner formula, we compute
where we use the fact ∆v = ∇( ∇u u ) = −|∇v| 2 = −Q. Firstly observed by Yau [Yau75] , there is the following estimate for
Choosing an orthonormal frame {e 1 , · · · , e n } at a point such that e 1 = ∇v |∇v| ,
combining the above estimate with (3.1), we obtain
From the above lemma and the maximum principle, we get the following corollary.
Corollary 3.2. For a positive harmonic function u on B 1 (p) with Rc ≥ 0, we have
, then φ is a positive cut-off function on M n . Define P = φQ = φ|∇ ln u| 2 , from Lemma 3.1,
Using the inequality ∇v, ∇φ ≤ |∇φ| · |∇v| = |∇φ| · φ − 1 2 P 1 2 , we get
Putting φ = h −1 into the above, we have
The conclusion follows from the above and Corollary 3.2.
By the Laplace comparison theorem, we have ∆ρ ≤ 1 ρ , which yields 2 ∆h
Letting ǫ → 0 in the above, the conclusion follows.
The following corollary follows from the above theorem directly.
Remark 3.6. We do not know the rigidity part of the above Theorem. In other words, if sup
Part II. Polynomial growth harmonic functions on manifolds
In part II of this paper, we always assume that M n is a complete non-compact Riemannian manifold with Rc ≥ 0 and maximal volume growth, where n ≥ 3, unless otherwise mentioned. The following definition of frequency function was firstly introduced in [CM97a] . Assume u(x) is a harmonic function defined on {b(x) ≤ r}, define:
Frequency and existence of harmonic function
The frequency function of harmonic function u is defined by F u (r) = D u (r) I u (r) . In this paper, I(r), D(r) and F (r) are defined as in above with respect to harmonic function u (which may be defined locally on suitable regions of M n ). From the definition of F u (r), we can get that
The following lemma is a generalized version of the Rellich-Necas identity, which was originally discovered by Payne and Weinberger [PW58] (also see [CM97a] ).
where n is the unit normal of ∂B pointing inward of B.
Lemma 4.2. When I(r) 0, we have
Proof: From the definition of F , we have
From Lemma 5.1 and Cauchy-Schwartz inequality, noting that b≤r |∇u| 2 = b=r u ∂u ∂ n , we have
Note |∇b| ≤ 1 and Lemma 4.1, we have
Proof: From the proof of [LTW97, Theorem 1.1] (also see [CM97c] ), for any δ ∈ (0, 1 2 ], we have
where τ(n, δ)(x) = C(n) δ + (θ p (δρ(x)) − θ) For anyǫ 0 ∈ (0, 1), we can firstly find δ = ǫ 0 2C(n)
, then
This is the contradiction, and the second inclusion follows.
Lemma 4.4. There is R = R(M n , n) > 0, such that for any τ > 1, r ≥ R, we have
where u is harmonic with u(p) = 0. Proof: Consider I u i (1), if I u i (1) = 0, from the maximum principle, we know that u i B 1 (p) = 0. Applying unique continuation theorem on u i , we get u i B r i (p) = 0, which is the contradiction. Hence I u i (1) 0, we can defineũ i (x) = u i (x)
From (4.9), we have Step (2). From [CC96] , given any δ > 0, there exists R 1 = R 1 (M n , p, δ) > 0 such that for r ≥ R 1 , we have b(y)≤r
In the rest of the proof, we assume that R ≥ 16R 1 (M n , p, δ), where δ is to be determined later. Using (4.13), Lemma 4.2 and Step (1), for s ∈ 5 8 r, 7 8 r we have
Hence take the integral of the above inequality, we obtain
in the first inequality above we use the Co-area formula. Hence there exists δ 0 = δ 0 (n, V M , γ), such that if δ ≤ δ 0 , , we know any tangent cone at infinity of M n is a metric cone, choose one denoted as C(X). Consider ϕ 1 (x) is the eigenfunction on X with respect to eigenvalue λ 1 = α 1 (α 1 + n − 2), X |ϕ 1 | 2 = 1. Let u ∞ = r α 1 ϕ 1 (x), then u ∞ is harmonic on C(X) and u ∞ (p ∞ ) = 0.
And u i is harmonic on B p (R i ) = B i (1) satisfying the following property: Step (2). Let d = α 1 + 1, we will prove that there exists i 0 = i 0 > 0 such that if i ≥ i 0 , then (4.16)
By contradiction. If the above statement does not hold, we can assume that there exists a subsequence {r i } with r i ∈ [4 −1 R i , R i ], such that 1] , without loss of generality, we can assume that there exists a subsequence of {i}, for simplicity also denoted as {i} such that
where c 0 is some constant. Taking the limit in (4.17), from (4.18) and (4.15), note b ∞ = ρ ∞ on C(X), we have
From u ∞ = r α 1 ϕ 1 (x) and d > α 1 , (4.19) implies X |ϕ 1 (x)| 2 dx = 0, which is contradiction.
From (4.16) and Proposition 4.7, we get that sup
From quantitative strong unique continuation, we have sup
Now applying Lemma ??, we obtain the existence of non-constant polynomial growth harmonic function on M n .
The frequency of linear growth harmonic functions
Lemma 5.1. If u is a harmonic function, we have I ′ u (r) = 2 D u (r) r , and u(p) = 1 nω n r n−1 b=r u|∇b|, ∀r > 0.
Remark 5.2. The formula I ′ u (r) = 2 D u (r) r firstly appeared in [CM97a] , for reader's convenience we include its proof here.
Proof: Firstly, we note ∂ ∂r = ∇b |∇b| 2 , assume the volume element of b −1 (r) is J(b −1 (r)), then we have Let j = max{s : ∂ t ∂r t u r=0 = 0, 0 ≤ t ≤ s} , then ∂ t ∂r t (u 2 ) r=0 = 0 for all 0 ≤ t ≤ (2 j + 1), and ∂ 2 j+2 ∂r 2 j+2 (u 2 ) r=0 0. From Lemma 5.1, we know that D(r) = 1 2 r · I ′ (r), hence D (2 j+2) (r) r=0 = 2 j+2 2 I (2 j+2) (r) r=0 . By the L'Hospital rule, we have F (0) = D (2 j+2) (0) Proof: Note if F u (s) = ∞ for any s > 0, then u b(x)≤s = 0. From the unique continuation property of harmonic functions, we know that u ≡ 0, it is the contradiction. Now the conclusion follows from Lemma 5.3 and the continuity of F u (s) with respect to s.
The following lemma was proved in [Li86] . 
Proof: From Lemma 4.3, for ǫ 0 > 0, there is r 0 > 0 such that for any r ≥ Proof: Without loss of generality, we can assume sup M n |∇u| = 1. By Bochner formula and u is harmonic, one gets that |∇u| 2 is a bounded subharmonic function. From Lemma 5.6, for any ǫ 0 ∈ (0, 1), there exists r 0 > 0 such that if r ≥ r 0 , we have
where ϕ(s) = ρ≤s |∇u| 2 and ψ i (·) are functions satisfying lim t→0 ψ i (t) = 1, i = 1, 2, · · · .
The above inequality implies that for any s ∈ [r 0 , r], Recall S.-Y. Cheng [Che80] proved that any non-constant polynomial growth harmonic function is at least linear growth. From [CCM95, Theorem 1], we know that on M n with Rc ≥ 0, the existence of non-constant linear growth harmonic function implies, that any tangent cone at infinity of M n , M ∞ , will split isometrically as R × N. The following rigidity result links the geometric structure of M n with the frequency upper bound of global harmonic functions. Proof: From Lemma 4.5 and F (s) ≤ 1, we know that u is linear growth. Hence we can assume that sup = ω n |∇u| 2 (p).
Combining the above, we get
Letting ǫ 0 → 0 in the above, we have |∇u| 2 (p) ≥ 1. From the strong maximum principle and ∆|∇u| 2 ≥ 0, we get |∇u| 2 ≡ 1. This implies V M = 1, hence M n is isometric to R n . Now we present the proof of Theorem 1.5. 
For r ≤ 2R 0 , we claim that there is some C > 0 such that F u (r) ≤ C for any u ∈ H ′ (M n ). By contradiction, if there is v i ∈ H ′ (M n ) and s i ≤ 2R 0 such that lim i→∞ F v i (s i ) = ∞. Without loss of generality, we can rescale v i such that max x∈B 2R 0 (p) |∇v i (x)| = 1. From the compactness theorem for harmonic functions, we get lim
which is the contradiction to Corollary 5.4. The conclusion follows from the above argument.
Polynomial growth harmonic functions on Perelman's manifold
From [Din04] (also see [Xu16] ), we know the existence of non-constant PGHF on maximal volume growth manifolds with unique tangent cone at infinity. In this section, applying the results of [Xu16] , we show the existence of non-constant PGHF on some maximal volume growth manifolds with different tangent cones at infinity, which were constructed firstly by Perelman [Per97b] .
A metric space (M ∞ , p ∞ , ρ ∞ ) is a tangent cone at infinity of M n if it is a Gromov-Hausdorff limit of a sequence of rescaled manifolds (M n , p, r −2 j g), where r j → ∞. By Gromov's compactness theorem, [Gro99] , any sequence r j → ∞, has a subsequence, also denoted as r j → ∞, such that the rescaled manifolds (M n , p, r −2 j g) converge to some tangent cone at infinity M ∞ in the Gromov-Hausdorff sense. From Cheeger-Colding's theory of Ricci limit spaces, there exists a selfadjoint Laplace operator ∆ (C(X),ν) on (C(X), ν) ∈ M (M), where ν is a measure. And ν induces a natural measure ν −1 on X, which yields the existence of a selfadjoint positive Laplace operator ∆ (X,ν −1 ) on (X, ν −1 ).
On a metric cone (C(X), dr 2 + r 2 dX), the measure ν is called conic measure of power κ, and κ is a positive constant denoted as p(ν), if for any Ω ⊂⊂ C(X),
where Ω r = {z|z ∈ Ω, r(z) = r}, χ(·) is the characteristic function on C(X).
And we also define S (M) the spectrum at infinity of (M n , g) and D(M) the degree spectrum at infinity of (M n , g): Theorem 6.1. Let (M n , g) be a complete manifold with nonnegative Ricci curvature, assume that every tangent cone at infinity of M n with renormalized limit measure is a metric cone C(X) with conic measure of power κ ≥ 2, and H 1 (X) > 0. If there exists d D(M) and d > inf{α| α ∈ D(M), α 0}, then dim H d (M) ≥ 2.
The following lemma was implied by Perelman's work [Per97a] (also see [AMW16] ). Lemma 6.2. For any Riemannian manifold (M 4 , g) with Rc(g) > 0, and assume the boundary ∂M 4 is isometric to round sphere S 3 , whose sectional curvature is equal to r 2 1 > 0, furthermore its principal curvatures λ(∂M 4 ) satisfy sup λ(∂M 4 ) 2 ≤ c 2 1 r 2 1 , where c 1 ∈ (0, 1) is some constant. Then the differential manifold M 4 S 3 (S 4 − B 4 ) carries a Riemannian metricĝ with Rc(ĝ) > 0, where B 4 is diffeomorphic to a 4-dim Euclidean ball.
To show the existence of non-constant polynomial growth harmonic functions on Perelman's example manifolds, we recall the construction of Perelman's example [Per97b] for completeness. For these manifolds with Rc ≥ 0 has maximal volume growth, the tangent cones at infinity are not unique.
Consider the metric ds 2 = dt 2 +ĝ S 3 defined on R 4 , where t ≥ 0,ĝ S 3 = A 2 (t)dX 2 + B 2 (t)dY 2 + C 2 (t)dZ 2 , X, Y, Z are vector fields on Now we take A(t) = t 10 1 + φ(t) sin(ln ln t) , B(t) = t 10 · 1 1 + φ(t) sin(ln ln t) ,
where φ(t) is a smooth function such that
and γ(t) is a smooth function defined on [ t 0 2 , ∞) such that
We consider the manifold (N 4 , ds 2 ) = R 4 − B t 0 2 (0), ds 2 , where B t 0 2 (0) is the metric ball with respect to the metric ds 2 . One can check that Rc(N 4 , ds 2 ) > 0 from the above properties of g. Note near ∂N 4 , A = B = C = t 10 , the principal curvature λ(∂N 4 ) is − 1 t . Because ∂N 4 is round sphere, the intrinsic sectional curvatures Rm(∂N 4 ) of ∂N 4 are 10 2 t 2 . Hence λ(∂N 4 ) 2 = 1 100 Rm(∂N 4 ). Using Lemma 6.2, one gets the differential manifold M 4 = N 4 S 3 (S 4 −B 4 ), which admits a Riemannian metric g with Rc(g) > 0, and g = ds 2 outside of a compact subset of M 4 .
We can define φ ∞ = lim t→∞ φ(t) > 0 and γ ∞ = lim t→∞ γ(t) > 0. Then M ∞ is a family of C(X), dt 2 + t 2 dX , where X = (S 3 , g X ) with g X = 1 + φ ∞ δ 10 2 dX 2 + 1 10 · 1 1 + φ ∞ δ 2 dY 2 + 1 − γ ∞ 10 2 dZ 2 , ∀δ ∈ [−1, 1].
And the conic measure is of power 4 for each δ.
If we choose φ ∞ , γ ∞ small enough, then S (M 4 ) is a set close to the spectrum of S 3 , which implies the existence of d D(M 4 ) satisfying d > inf D(M 4 ). From [Xu16, Theorem 4 .3], one gets the existence of polynomial growth harmonic functions on Perelman's example manifolds.
